In order to constrain and possibly detect unusual physics during inflation we allow the power spectrum of primordial matter density fluctuations, P in (k), to be an arbitrary function in the estimation of cosmological parameters from data. The multi-resolution and good spatial localization of wavelets make them ideal for detecting any features in P in (k) which are signatures of unusual physics in the very early universe. We expand P in (k) directly in wavelet basis functions. We derive constraints on the wavelet coefficients as well as H 0 , Ω b h 2 and Ω m h 2 from a likelihood analysis of current Cosmic Microwave Background Anisotropy (CMB) data using the Markov Chain Monte Carlo (MCMC) technique. Our results using the pre-MAP CMB data indicate a feature in the primordial power spectrum at 0.01 k/(h −1 Mpc) 0.1, at a significance level of 1σ, consistent with the results of Mukherjee & Wang (2003a) , which were obtained using the wavelet band power method. The direct wavelet expansion method is different and complimentary to the wavelet band power method of Mukherjee & Wang (2003a) , and has the advantage of being more flexible, and can be easily adapted for other applications. We expect our method to be powerful in extracting tighter constraints on the primordial power spectrum when applied to CMB data from MAP and Planck, and to combined CMB and large scale structure data.
Inspite of the success of the inflationary paradigm (Guth 1981; Albrecht & Steinhardt 1982; Gott 1982; Linde 1983; Kolb & Turner 1990; Hu 2003; Peebles & Ratra 2003) , we are still in search of the correct model of inflation. The simplest models of inflation predict a power-law primordial matter power spectrum (for example, Linde (1983) ; Freese, Frieman, & Olinto (1990) ; La & Steinhardt (1991) ). However, there are many other viable models of inflation which predict primordial power spectra which cannot be parametrized by a simple power law (for example, Holman et al. (1991ab) ; Wang (1994) ; Randall, Soljacic, & Guth (1996) ; Adams, Ross, & Sarkar (1997) ; Lesgourgues, Polarski, & Starobinsky (1997) ). These can represent unusual physics in the very early universe (for example, see Chung et al. (2000) ; Enqvist & Kurki-Suonio (2000) ; Lyth, Ungarelli, & Wands (2002) ).
If unusual physics had occurred in the very early universe, assuming a power-law primordial matter power spectrum could lead to our missing the discovery of the possible features in the primordial matter power spectrum and erroneous estimates of the cosmological parameters (Kinney 2001) . In order to place robust constraints on inflationary models, and to detect possible unusual physics during inflation, we should allow the power spectrum of primordial matter density fluctuations to be an arbitrary function in the estimation of cosmological parameters from data. Wang, Spergel, & Strauss (1999) showed that the primordial power spectrum P in (k) can be estimated accurately from combining CMB data from MAP 2 and large scale structure (LSS) data from SDSS 3 . Wang & Mathews (2002) used the CMB data from Boomerang, Max-ima, and DASI to place constraints on P in (k), and deduced a feature in it at a significance level of 1-2σ. Wang, Spergel, & Strauss (1999) and Wang & Mathews (2002) used conventional top-hat binning and linear interpolation respectively in the parametrization of P in (k). Mukherjee & Wang (2003a) (hereafter MW03a) parametrized P in (k) in terms of wavelet band powers, and arrived at a more detailed and statistically robust measurement of P in (k) using current CMB data, and found a feature in P in (k) consistent with that found by Wang & Mathews (2002) .
MW03a used wavelet band powers to parametrize P in (k), which makes explicit use of the fact that P in (k) is the power spectrum of a Gaussian random density field (Fang & Feng 2000) . In this paper, we explore a more direct method of using wavelets to probe P in (k); we parametrize P in (k) by the coefficients of its wavelet expansion. We obtain constraints on these wavelet coefficients and cosmological parameters from current CMB data. This direct wavelet expansion method is different and complimentary to the wavelet band power method of MW03a, and has the advantage of being more flexible, and can be easily adapted for other applications.
We use only CMB data in this paper. The application of this method can be extended to include LSS data (for example, see Hamilton & Tegmark (2002) ; Percival et al. (2002) ; Bahcall et al. (2003) ), and CMB polarization data (for example, see Kovac et al. (2002) ). We will present such applications elsewhere.
We describe our method in Sec.2. We present our results in Sec.3. Sec.4 contains a summary and discussion.
We expand the primordial power spectrum P in (k) directly in wavelet basis functions,
where ψ j,l are the wavelet basis functions, constructed from the dilations and translations of a mother function ψ(k), via (Daubechies 1992; Press et al. 1994 )
The resulting wavelet basis are discrete, compactly supported and orthogonal with respect to both the scale j and the position l indices. The wavelet coefficients b j,l can be estimated from data, and P in (k) can be reconstructed using Eq.(1). We use 16 wavelet coefficients to represent P in (k) in the range 0.0001 k/(h Mpc −1 ) 1.0. P in (k) is thus sampled at 2 J = 16 points. The scale index j increases from 0 to J −1, and wavelet coefficients with increasing j represent structure in P in (k) on increasingly smaller scales, with each scale a factor of 2 finer than the previous one. The index l, which runs from 0 to 2 j −1 for each j, denotes the position of the wavelet basis ψ j,l within the jth scale. Therefore the wavelet coefficients in Eq.(1) total to 15 in number. There is a 16th coefficient which is called the scaling function coefficient, and represents the mean of the function. Barring this scaling function coefficient and the wavelet function coefficient for j = 0, which together set the level of P in (k) (to unity, corresponding to a default power of A 2 s = 2 × 10 −9 , which is fixed by normalization to COBE data, see Smoot et al. (1992) ; Bunn & White (1997) ), we constrain the remaining 14 coefficients, which are 0 for a flat scale-invariant P in (k). Thus, when the sample points are equally spaced, b j,l measures the signal in P in (k) on scale L/2 j , and centred at k = lL/2 j , where L is the full length over which P in (k) is being expanded.
This direct wavelet expansion method is very different in nature from the wavelet band power method used in MW03a, even though both employ wavelet based parametrizations of the primordial power spectrum. In the wavelet band power method of MW03a, the primordial power spectrum is parametrized in terms of wavelet band powers; the window functions relating the wavelet band powers to the primordial power spectrum are the squares of the Fourier transforms of the wavelet basis functions, apart from a j dependent normalization factor. The wavelet band power parametrization makes explicit use of the fact that P in (k) is the power spectrum of a Gaussian random field (Fang & Feng 2000) . In the direct wavelet expansion method, we use the coefficients of a wavelet expansion of P in (k) to characterize it. Here we need to use wavelets that are most localized in k space, which is the pixel space here, such as the Haar and the Daubechies 4 (hereafter D4) wavelet. This differs from the case in the wavelet band power method, where wavelets that are more smooth and hence less localized in pixel space, such as the Daubechies 20 wavelet, were preferred (see MW03a).
The advantages of using the direct wavelet expansion of P in (k) are many. The orthogonality of the wavelet basis functions imply that the wavelet coefficients afford an efficient and non-redundant expansion of a function, with information on the structure of the function on different scales, and with adaptive position resolution. Since the wavelet coefficients are all mutually independent, P in (k) can be efficiently constrained by a reasonable number of coefficients.
We also make use of the mutual independence of the wavelet basis functions in computing the projections of the CMB angular power spectrum C l 's for each wavelet basis, thus avoiding calling CMBFAST (Seljak & Zaldarriaga 1996) or CAMB (Lewis, Challinor, & Lasenby 2000) . when only the wavelet coefficients are varied for the same cosmological parameters. We write
where s represents the cosmological parameters other than the wavelet coefficients b j,l 's. The C j,l l (s)'s are the wavelet projections of the C l 's, computed here using CAMB 4 . This leads to a significant computational speed up. Note that Eq.(3) is a different wavelet projection of the C l 's than Eq.
(3) of MW03a. We have checked that the C l 's computed from the above summation are exactly the same as the C l 's computed from the corresponding reconstructed P in (k) for different P in (k); in other words the C l projections for the different wavelet basis functions are free of interpolation errors.
After constraining the wavelet coefficients, marginalizing each over all other parameters considered, we can choose to reconstruct P in (k) using only those wavelet coefficients that are significantly constrained. In doing so the important features of P in (k) are retained. Thus a feature can be lozalized in scale j and position l in the entire k range. Because of its localization and multiresolution properties, the wavelet transform adapts itself to the signal, and the wavelet representation of a signal, though complete, is often sparse with only a few coefficients contributing to any features in the signal.
We have considered the case when the sample points (over which the wavelet basis functions are defined, and at which the required function P in (k) is reconstructed) are equally spaced in log(k), and also the case with an alternative spacing in which the sample points towards both ends of the k range are further apart and the region where the error bars are the smallest is sampled in greater detail. In the latter case, useful information is not lost, since the two ends of the k range are plagued by sample variance (low k) and observational uncertainty (high k), whilst the region in between is probed in further detail (without having to increase the total number of wavelet coefficients and thus computational cost). The choice of a scheme for positioning the sample points is somewhat arbitrary in this case. However, we can be guided by the fact that if we make the points in the middle too closely clustered, thus trying to extract the function there in more detail than the data allow, the reconstruction becomes noisier. Trying out another sampling scheme also enables a consistency check. The localization of the wavelet basis functions can be simply inferred for uneven spacing of the sample points; b j,l still measures the signal in P in (k) on the scale of 2 J /2 j sample points, and centred at the sample point l2 J /2 j . Instead of constraining all coefficients, one could also constrain only the linear combination of a few coefficients in the region where not much information can be obtained. Such properties lend flexibility to this method. This method can be easily adapted to other applications.
Finally, we use the Markov Chain Monte Carlo (MCMC) technique, illustrated for example in Lewis & Bridle (2002) , in the likelihood analysis. This is necessitated by the large number of parameters being varied here. At its best, the MCMC method scales approximately linearly with the number of parameters. The method samples from the full posterior distribution of the parameters, and from these samples the marginalized posterior distributions of the parameters can be estimated. See Neil (1993) for a review, and Hannestad (2000) ; Knox et al. (2001) ; Rubino-Martin et al. (2002) for other applications of this method to CMB data analysis. An MCMC sampler based on the Metropolis-Hastings algorithm has been made available in the software package CosmoMC (Lewis & Bridle 2002) .
The inclusion of reionization and curvature as estimated parameters, as well as the addition of LSS data and ultimately also CMB polarization data to the analysis will be published elsewhere.
results
We use most of the recent high precision data for which experimental details are publically available. These are the latest data from Boomerang (Ruhl et al. 2002) , Maxima (Lee et al. 2001) , DASI (Halverson et al. 2002) , VSA (Scott et al. 2002) , CBI (Pearson et al. 2002) , Archeops (Benoit et al. 2002) , and ACBAR (Kuo et al. 2002) , together with COBE data (Smoot et al. 1992) . We use offset-lognormal band-powers (Bond et al. 2000 ) whenever available and marginalize over known calibration and beamwidth uncertainties. We estimate the wavelet coefficients of the primordial power spectrum, as well as H 0 , Ω b h 2 and Ω c h 2 , using data upto l max of 1500.
We have chosen to reconstruct the primordial power spectrum with 16 sample points. Barring two coefficients that set the level of the function, as discussed, we vary and constrain 14 wavelet coefficients to constrain the deviations of the power spectrum from scale-invariance. Thus, together with three cosmological parameters, we have 17 parameters to constrain in all. The 14 wavelet coefficients are 0 in the scale-invariant case. These are each allowed to vary between wide limits of ±2.5, with the requirement that the resulting P in (k) be positive definite. We allow h = H 0 /(100 kms −1 Mpc −1 ), Ω b h 2 , and Ω c h 2 to vary between 0.4 and 1.0, 0.005 and 0.1, and 0.1 and 0.99 respectively, and use a weak prior of the age of the universe t 0 > 10 Gyrs. 5 Fig.1 shows the reconstructed P in (k) using the D4 wavelet, with the sample points (a) evenly and (b) unevenly spaced in log k respectively. Constraints obtained simultaneously for the cosmological parameters are: (a) h = 0.53 ± 0.09, Ω b h 2 = 0.018 ± 0.004 and Ω c h 2 = 0.168 ± 0.035; (b) h = 0.48 ± 0.06, Ω b h 2 = 0.017 ± 0.004
and Ω c h 2 = 0.185 ± 0.028. 6 The uneven spacing of the sample points in Fig.1(b) has been chosen to extract more information in the best measured region in k (see Sec.2). Note that while the value for the Hubble constant arrived at is lowish, it is within the uncertainties of other independent measurements of H 0 (for example, see Branch (1998); Freedman et al. (2001) ; Gott et al. (2001) ; Saha et al. (2001) ). We also used the Haar wavelet for comparison. The reconstructed P in (k)'s and the cosmological parameters are very similar for the Haar and D4 wavelets.
When an external Gaussian prior of 0.6 ± 0.1 (Branch 1998 ) is imposed on h, P in (k) closely resembles what is shown here. The cosmological parameter constraints are also very similar. For the D4 wavelet, we find h = 0.55±0.08, Ω b h 2 = 0.019±0.004 and Ω c h 2 = 0.159±0.029 in the case of even spacing in log(k), and h = 0.50 ± 0.06, Ω b h 2 = 0.018 ± 0.005 and Ω c h 2 = 0.178 ± 0.026 in the uneven spacing case. Breaking of parameter degeneracies by the inclusion of complementary data will aid in the more precise determination of P in (k).
conclusions
Features in the primordial power spectrum could indicate unusual physics in the very early universe. We have presented a new and powerful method to extract the primordial power spectrum P in (k) as an arbitrary function from observational data -the direct expansion of P in (k) in wavelet basis functions.
The wavelet basis functions afford an efficient and nonredundant expansion of a function, with information on the structure of the function on different scales, and with adaptive position resolution. These properties make wavelets an ideal direct probe of features in the primordial power spectrum P in (k). Since the wavelet coefficients are thus all mutually independent, P in (k) can be efficiently constrained with a reasonable number of wavelet coefficients. We have also made use of the mutual independence of the wavelet basis functions in computing the projections of the CMB angular power spectrum for each wavelet basis, thus avoiding calling CMBFAST/CAMB when only the wavelet coefficients are varied for the same cosmological parameters. This, together with the MCMC technique, affords a computational speed up by many orders of magnitude, without any reduction in accuracy of the theoretical C l 's. Since the wavelet basis are localized, the method affords flexibility regarding the spacing of the sample points used to reconstruct P in (k).
The application of our method to the current CMB data indicates a feature in the primordial power spectrum P in (k) at 0.01 k/(h Mpc −1 ) 0.1, at a significance level of 1σ. This indication of a feature in P in (k) is consistent with the findings of other groups (Silk, & Gawiser 2000; Atrio-Barandela et al. 2001; Barriga et al. 2001; Hannestad, Hansen, & Villante 2001; Elgaroy, Gramann, & Lahav 2002) . Note that our results will probably not be contradicted by large scale structure data, since Elgaroy, Gramann, & Lahav (2002) showed that features in P in (k) are washed out by the window functions of the redshift surveys on scales k < 0.03 h Mpc −1 (see Fig.1 ). On the other hand, adding large structure data will help break parameter degeneracies and allow better constraints on the primordial power spectrum P in (k).
The reconstructed P in (k) closely resembles the constraints obtained in MW03a, where the primordial power spectrum was parametrized in terms of wavelet band powers. The two methods are very different in nature and complementary to each other. While the wavelet band power method gives a unique sampling of P in (k), the direct wavelet expansion method explored in this paper is more flexible and can be easily adapted to other applications (Mukherjee et al. 2003b) . We expect that both of our wavelet-based methods will be useful in yielding tighter, robust, and detailed constraints on P in (k) when applied to the CMB data from MAP and Planck, and to combined CMB and LSS data.
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